Cellular Automata Approaches to Enzymatic
Reaction Networks
Jörg R. Weimar
Institute of Scientific Computing, Technical University Braunschweig,
D-38092 Braunschweig, Germany
J.Weimar@tu-bs.de, http://www.jweimar.de

Abstract. Cellular automata simulations for enzymatic reaction networks differ from other models for reaction-diffusion systems, since enzymes and metabolites have very different properties. This paper presents
a model where each lattice site can can contain at most one enzyme
molecule, but many metabolite molecules. The rules are constructed to
conform to the Michaelis-Menten kinetics by modeling the underlying
mechanism of enzymatic conversion. Different possible approaches to rule
construction are presented and analyzed, and simulations are shown for
single reactions and simple enzyme networks.
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Enzymatic Reaction Networks

Most reactions in biological systems are catalyzed by enzymes. These enzymes
are complex molecules (they are proteins) which are not consumed in the reaction, but simply facilitate the reaction of smaller molecules called metabolites
(such as sugar). In a biological cell, thousands of different enzymes are active.
Each enzymatic reaction takes molecules of one or more metabolite species, the
substrates of this reaction, and converts them into molecules of one or more other
species, the products. The products are again substrates to other reactions, and
thus the reactions form complex networks. Enzymatic reactions can be described
and modeled on different levels of detail:
Static Interaction Networks: A first level is the static interaction network, such
as the pathways collected in the KEGG database [9, 10, 11], or in the BoehringerMannheim map [13]. Such interaction networks can be constructed from purely
qualitative information without relying on any quantitative information, such as
reaction rates (except possibly for stoichiometric coefficients). Some analyses can
extract additional information from these networks, such as inferring elementary
metabolic flux modes [14, 15] (although these rely on the information whether
a given reaction is reversible or not, which in turn is a semi-quantitative information on the order of magnitude of the equilibrium constant). Simply on the
basis of such interaction networks, no quantitative time-dependent simulation is
possible.

Reactive Networks: Once quantitative data is available, reaction rates for reactions such as the conversion of a substrate S to a product P by an enzyme E
can be described by some rate law, usually in the form of a Michaelis-Menten
(MM) law:
Vmax [E][S]
d[S]
=
(1)
dt
Km + [S]
with the maximum conversion rate Vmax and the Michaelis-Menten coefficient
Km .
A more detailed description would contain rates for the elementary reactions
leading to such an overall MM rate [1]:
k

1
k2
E+S *
) ES → E + P.

(2)

k−1

Here, several rate constants need to be measured, which is usually not done or
not possible. Most reactions in a realistic reaction network are more complicated,
since they involve two or more substrates and two or more products, such as
energy-providing ATP. In these cases, more coefficients need to be specified, and
in addition the mechanism must be specified, such as BiBiRandom (in which
case the two substrates may bind in any order) or Ordered BiBi (where the
substrates must bind in a specific order). Other effects, such as competitive
inhibition complicate the situation further.
Given a network of enzymatic reactions and the corresponding reaction rates,
one can simulate the network by solving the ODEs numerically, or using stochastic simulation methods [7, 8]. A static approach is to analyze steady states,
parameter dependences or sensitivities, etc..
Space and Transport Phenomena. The space and diffusion or other transport
phenomena are usually only taken into account by compartmentalizing the system where necessary, but they can also be included explicitly (as reactiondiffusion equations, or probabilistically in the stochastic simulation approach
[6, 17]). The most detailed simulation would be a full molecular dynamics simulation of the cell, but this is by far not feasible yet.
In this paper I present an approach based on cellular automata for simulating
enzymatic reaction networks including diffusive transport.
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Scales

To establish the conditions for a simulation model, let us first look at the scales
of space, time, diffusion coefficients, and molecule concentrations and numbers.
First, concentrations and counts: The volume of a typical procaryotic cell is
10−15 l, the typical diameter is 1µm = 10000Å. The diameter of a typical enzyme
is 100Å, while the diameter of a typical metabolite is 6Å and of one atom 2Å. The
concentrations of the involved molecular species differ widely. For metabolites
they can be between 1µM and 5mM , while for enzymes they can be in the

range of 10nM . . . 1µM . This means that a complete cell with volume 10−18 m3 ,
we find between 1 and 60000 molecules of a given enzyme species, and between
105 and109 molecules of a given metabolite species. Simply from the size of the
enzyme, we can calculate that in a space volume of size (100Å)3 , there can be
O(1) enzyme molecules, but many metabolite molecules. In this paper I consider
a simulation with lattice sites which have approximately this size and can contain
at most one enzyme molecule of any species (exclusion principle) and an arbitrary
number of metabolite molecules. Since we use integers to count the molecules
instead of calculating with concentrations, our results will be more similar to
the stochastic models than to the PDE models.
2
The diffusion coefficient for a typical metabolite is around 10−9 ms , for an
enzyme that is not bound to a membrane it varies, but is at least two orders
of magnitude smaller. The time scales of events inside a cell vary greatly, from
10−12 s (dissociation events) to 100s (fastest cell division). In the cellular automaton model, our diffusion method dictates a connection between time and
space scales and diffusion coefficients. In our case, a lattice spacing of 100 Å and
typical metabolite diffusion coefficients imply a time step of around 2.5 ∗ 10−8 s,
which means that millions of time steps are necessary to simulate dynamical
changes of metabolite concentrations.
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Modeling Enzymes

In our model, each lattice site (we do not use the term cell as usually used in
cellular automata to avoid confusion with the biological cell) can contain at most
one enzyme molecule but many metabolites. We first consider the options for
modeling the enzymatic reaction in one such site.
We show in section 3.1 that directly using the Michealis-Menten rate law is
not possible in the discretized setting of cellular automata, then demonstrate in
section 3.2 how to obtain correct results by directly simulating the mechanism
that was approximated by the Michealis-Menten rate law.
3.1

Michaelis-Menten Rate Law

The first possibility is to directly use a Michaelis-Menten rate law. The rate law
in Eq. (1) contains the concentration of the enzyme [E], which in one site is
always zero or one. If we assume that the concentrations of metabolites can be
simply calculated from the metabolite numbers present in the cell, we have the
following cellular automata rule: In time ∆t, the probability of converting one
molecule S to a molecule P is zero if there is no enzyme E present, otherwise
QS→P (S) =

∆t
αS
Vmax
,
α
Km + αS

(3)

where α is a scaling factor to convert molecule counts per lattice site into concentrations. Here we will show that in our setting this method does not give
correct results. The formula Eq. 3 is only correct in the limit ∆t → 0, so that at

most one reaction takes place in one time step. On the other hand, in this limit
the Michaelis-Menten simplification is not valid, but should be replaced by the
more detailed description in Eq. (2). Another problem appears if the counts S
are small (e.g., because concentrations [S] are low or the volume of one lattice
size is small). In the case where S is rarely greater than one, which happens
when Km  α, Eq. (3) reduces to three cases for the probability QS→P :
QS→P (0) = 0;
∆t
α
QS→P (1) =
Vmax
= β;
α
Km + α
∆t
QS→P (S > 1) ≈
Vmax .
α
This one-parameter equation described only by β is clearly not a good representation of the original MM law. In fact, we can calculate the average rate of
conversion S → P as a function of the concentration [S] if we assume that the
numbers of molecules S at a lattice site follow a Poisson distribution:
P (S = k) =

λk −λ
e
k!

(4)

with λ = [S]/α. This distribution has the mean λ and is attained in the absence
of reactions and if no limits are imposed on the number of metabolite molecules
per cell (if there were limits, it would be a binomial distribution).
On average, the number of molecules transformed is the product of the probability of finding k molecules with the probability of converting one of them,
summed over all values k:
hQi =

∞
X

P (S = k) QS→P (k)

(5a)

k=0
−λ

= Vmax e

−Km /α

(−λ)

 



α + Km
α + Km
, −λ − Γ
, (5b)
Γ
α
α

which for Km  1 is almost equal to the correct MM rate, whereas for small
Km , it is too small (here Γ is the Gamma-function). In Figure 1 we can see a
comparison of the exact rate with the average of 100 trials and the predicted
average from Eq. (5).
An attempt to correct the discrepancy by changing the function QS→P does
not lead to an exact solution, since we have some restrictions: Q must be nonnegative for all k. To make an exact fit, we would be required to use an alternating
diverging series for Q(k). Note that for polynomial reaction rate laws, such a
correction is possible and can be given in analytic form [19], while for the MM
rate law (which is not polynomial) this is not possible.
3.2

Detailed simulation of the Mechanism

A second possibility is to model the mechanism that leads to the MM rate law
in detail. For the simple unimolecular reaction, this mechanism is described by
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Fig. 1. Correct MM reaction rate (re-scaled by Km , with Vmax = 1, dt = 1) (top curve)
compared to the average of 100 random realizations (dots) and predicted average from
Eq. (5) (two gray curves below the top curve).

Eq. (2). We can directly model this in the automaton, since at each lattice site
we have at most one enzyme molecule, and therefore we can keep track of the
state of this molecule: unbound or bound to S. The transitions between the
states are governed by simple linear rate laws, which we can model exactly in
the CA. We therefore have the following processes:
E + nS → ES + (n − 1)S
ES + nS → E + (n + 1)S
ES + nP → E + (n + 1)P

with probability p1 (n);
with probability p−1 ;
with probability p2 ,

where the probabilities can be calculated from the rate laws as p1 (n) = ∆t k1 n,
p−1 = ∆t k−1 , p2 = ∆t k2 and p−1 and p2 are independent of the metabolite
numbers present in the cell. One problem with this approach is that the rates
k are usually not known. We can assume values by taking into account that
Vm = k2 and Km = (k−1 + k2 )/k1 and that k2 is smaller than k1 and k−1 . If we
simply assume k−1 = c k2 , we obtain k1 = (c + 1) Vm /Km . One would assume
that c should be > 1, but actually c = 1 works just as well. Note that now the
fastest processes are (c + 1) times faster than before, which means that we need
to use a smaller time step. With such a model we can perform a number of time
steps and show that the average rate of transformation from S to P converges
to the rate given by the MM law for all values of Km .

4

Diffusion

Diffusion of the metabolite molecules can be simulated using a number of techniques. Since we model individual molecule counts, we have to make sure that
the number of molecules is conserved by the diffusive operation. This is not

easily verified in standard cellular automata. Two techniques have been developed which make conservation of particles easy in cellular automata: Partitioned
cellular automata and block cellular automata.
The first kind is used in the lattice gas automata [2, 4, 5, 18, 19], where
each lattice site has a number of channels to the neighboring sites, which can
be occupied by at most one particle at a time. Since the transport of particles
through these channels in the synchronous cellular automaton simply represents
a permutation of the channel contents, one can easily verify that no particles get
lost (assuming correct treatment of the boundaries).
The second technique is to subdivide the lattice into blocks, and at each step
do some exchange of the contents of the sites within one block [3, 12, 16, 20]. Since
only a few cells are involved, it is easy to verify whether conservation laws are
observed. In subsequent time steps, the block boundaries are changed to make
information exchange across the whole lattice possible. Note that such block
cellular automata are equivalent to classical cellular automata, since each can
be simulated by the other (with some duplication of cell content and extension
of the neighborhood).
Here we use this second technique to simulate diffusion. We use blocks of size
two, which are placed on the lattice in all possible orientations in subsequent
time steps (four orientations in two dimensions, six in three dimensions). For the
exchange between the two cells within a block one can use different prescriptions:
One possibility was already mentioned by Gillespie [7, 8] as an extension of
his stochastic simulation method to spatially distributed systems: If the two
cells contain n1 and n2 particles respectively, move (n1 − n2 )/2 particles from
cell 1 to cell 2 (or reverse, if the difference is negative). This approach models
the macroscopic diffusive flux proportional to the gradient in concentration.
Better suited to the stochastic simulation is a microscopic approach: Consider
all the particles in both cells as independent, and let each particle move to the
neighboring cell with a fixed probability p. Then the number of particles to
be moved from cell 1 to cell 2 is obtained by sampling a binomial distribution
with parameters p and n1 , while the number of particles moving from cell 2 to
cell 1 is given by a binomial distribution with parameters p and n2 . Thus the
number of particles exchanged between the two cells is governed by the difference
between two binomial distributions. This approach leads to fluctuating particle
numbers in all cells even in the absence of reactions, which is appropriate when
particles represent molecules. The particle numbers in the cells will be distributed
according to a Poisson distribution Eq. (4).
For the calculations of effective reaction rates, as in Eq. (5), the averaged
(macroscopic) diffusion operator leads to a distribution that is more compact
than the Poisson distribution, e.g. a two-valued distribution around the average concentration. Here we use the microscopic procedure to ensure consistent
results.
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Fig. 2. Simulation of one reaction using the CA. Cells marked by a 1 contain an enzyme
molecule, when marked with “1*” the enzyme is bound to a substrate molecule. The
other cells show the relative number of P molecules. On the left we show snapshots at
time t = 50∆t and t = 110∆t, on the right the time evolution of [S] and [ES]/[E0 ]
(the fraction of substrate-bound enzyme molecules), and right bottom the dependence
of d[P ]/dt on [S] (for a larger 3-D system of 303 sites). The lines show the theoretical
predictions from the MM rate law.
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CA simulations

Figure 2 shows a simulation with such a cellular automaton for a system with
only one enzymatic reaction: E + S → E + P . We use the parameters Vm =
1, Km = 0.3, c = 1, ∆t = 0.01. Here the time step is limited by the restriction
that at most one molecule can react at one time step (since the enzyme can only
bind one substrate molecule at a time), and we start the simulation with a high
substrate concentration of 10 molecules per site. We observe that the CA model
corresponds to the predictions from the macroscopic Michaelis-Menten rate law.
In this example diffusion of the metabolites is comparably fast, and the spatial
dimension does not have a measurable influence.
In a second test, we use this model to simulate a toy network of unidirectional
enzymatic reactions with four enzymes and four metabolites.
E

E

E

E

1
2
3
4
A −→
B −→
C −→
D −→
A

(6)

The parameters for the different enzymes are: E1 : Vm1 = 1, Km1 = 0.3, E2 :
Vm2 = 2, Km2 = 1, E3 : Vm3 = 3, Km3 = 0.3, E4 : Vm4 = 3, Km4 = 3, the initial
condition is [B] = 10 and [A] = [C] = [D] = 0.
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Fig. 3. Simulation of four-enzyme system with different spatial distributions of the enzymes. Top row: random distribution of enzymes (with equal numbers for all enzymes,
and probability of 0.2 for each site). Bottom row: distribution in four quadrants. The
concentration time series shown at right are compared with the predictions from the
differential equations using Michaelis-Menten kinetics. For the four quadrant model,
we compare with a compartmentalized ODE model, since the well-mixed ODE model,
which is the same in both cases, clearly gives wrong results. The initial conditions for
the metabolites are identical in both cases, and the number of enzyme molecules of
each type is also identical in both cases.

We simulate two different situations in Figure 3, one where the enzymes
are randomly distributed in space, and one where the enzymes are separated
in different compartments, and the metabolites must diffuse from one enzyme
to the other. In the first case, we compare the time evolution of the metabolite
concentrations with the solution of the ordinary differential equations, using the
Michaelis-Menten approximation for the construction of the ODEs. In the second
case (with identical parameters except for the spatial distribution of enzymes),
we observe a significantly different time evolution and also a very different steady
state. We can model this situation by constructing a system of ODEs where each
quadrant is treated as a different compartment, the reaction rates are adjusted
in the compartments (e.g., in the compartment corresponding to the left lower
quadrant, only enzyme E1 is present, but in concentration four times higher than
in the first model. Therefore only the reaction A → B takes place, with rate four
times higher), and diffusion of all species between neighboring compartments is

introduced. The lines in the time evolution plot correspond to the solution of
this ODE.
The large differences in the two solutions show that spatial dependences
should not be ignored when whole-cell models are constructed.

6

Conclusion

We have described a cellular automaton model for enzymatic reaction networks.
This model is based on block-cellular automata to ensure conservation of particles and assumes that at most one enzyme can be present at any lattice site.
The enzymes can change state by binding to metabolite molecules, and the state
changes are described by probabilistic rules derived from the enzyme kinetics to
be simulated. The quantitative correctness of the rules has been demonstrated
by analytic arguments and by comparison of simulations with the ODE solution.
This model can incorporate complex processes, where an enzyme binds several
ligands, possibly in specific order. The explicit inclusion of space makes possible
the detailed investigation of phenomena that depend on diffusion of different
species. As an example we have demonstrated that simply placing the enzymes
at different regions leads to a significantly different average behavior. In this case
the behavior can be well approximated by a compartmentalized ODE model, but
in more complex geometries of biological relevance, this is not necessarily the
case.
The model presented here is a microscopic model, since individual enzyme
molecules are explicitly represented, and the corresponding fluctuations take
place, which sets the model apart from numerical methods for solving the averaged PDE. We showed that enzymatic reactions cannot be simulated by the
same techniques used e.g., in reactive lattice gas automata [2], since the rate law
is not polynomial.
As further steps, we will apply this cellular automaton approach to more
complex enzymatic reaction networks and try to obtain biologically meaningful
spatial distributions of the individual enzymes.
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